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Abstract
A bivariable polynomial of total degree n that has minimal uniform norm on a disk is explicitly given.
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It is well known that for any monic polynomial p(x) = xn + · · ·,
‖p‖[−1;1]¿ 21−n‖Tn‖[−1;1] = 21−n; n= 1; 2; : : : ; (1)
where Tn(x) = cos(n cos−1x), n¿ 0, are the Tchebyche' polynomials of the =rst kind and ‖ · ‖[a;b]
is the uniform norm on [a; b], i.e.,
‖p‖[a;b] = max
x∈[a;b]
|p(x)|:
Inequality (1) implies that the best uniform approximation of xn on the space 	n−1 of polynomials
of degree 6 n− 1 is xn − 21−nTn(x), that is, for any qn−1 ∈ 	n−1,
‖xn − qn−1‖[−1;1]¿ 21−n‖Tn‖[−1;1]:
Let 2n be the space of polynomials in two variables with total degree 6 n, i.e.,
2n :=


∑
06i+j6n
aijxiyj; aij ∈R

 ; n¿ 0(2−1 = {0}):
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Then, the best uniform approximation of xmyn on [ − 1; 1] × [ − 1; 1] on the space 2m+n−1 is
22−m−nTm(x)Tn(y) (see [4]). Recently, Newman and Xu [3] found a best uniform approximation
polynomial on a triangular region
S = {(x; y)∈R2|x¿ 0; y¿ 0; 1− x − y¿ 0}:
In this paper, we =nd a best uniform approximation polynomial Tm;n on the disk D := {(x; y)∈R2|
x2+y26 1}, which we may call Tchebyche' polynomials on D. Tchebyche' polynomials on convex
domains play a fundamental role in the theory of polynomial approximations (see [4]).
Theorem 1. For every qm;n ∈2m+n−1, we have
‖xmyn − qm;n(x; y)‖D¿ 21−m−n‖Tm;n‖D =
{
1 if m= n= 0
21−m−n if m+ n¿ 1;
(2)
where ‖ · ‖D is the uniform norm on D, T0;0(x; y) = 12 , and
Tm;n(x; y) = Tm(x)Tn(y) + xyUm−1(x)Un−1(y); m+ n¿ 1:
Here, Tn(x) = cos n and Un(x) =
sin(n+1)
sin  (x = cos ), n¿ 0, are the Tchebyche9 polynomials of
:rst and second kind, respectively.
Lemma 2. For every trigonometric polynomial qn−1() of degree 6 n− 1, we have
‖sin n− qn−1()‖[0;2	]¿ ‖sin n‖[0;2	] = 1 (3)
and
‖cos n− qn−1()‖[0;2	]¿ ‖cos n‖[0;2	] = 1: (4)
Proof. It suFces to show (3) because the inequality (4) can be proved by a similar process. Assume
that ‖sin n− qn−1()‖[0;2	]¡ ‖sin n‖[0;2	] for some qn−1(). Then
|sin n− qn−1()|¡ ‖sin n‖[0;2	] = 1; ∈ [0; 2	]:
Take k =
(2k+1)	
2n , k = 0; 1; 2; : : : ; 2n− 1. Then
|(−1)k − qn−1(k)|¡ 1
so that sgn(qn−1(k))=(−1)k . Since qn−1() has 2n sign changes on [0; 2	), qn−1 must have 2n−1
zeros on [0; 2	). This is impossible because qn−1 is a trigonometric polynomial of degree 6 n−1.
Lemma 3. Tm;n(cos ; sin ) = cos((m+ n)− n2	); m+ n¿ 1.
Proof. It is straightforward.
Lemma 4. ‖Tm;n‖D = 1; m+ n¿ 1.
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Proof. Let x = cos  and y = cos’, where 06 6 2	 and 06’6 2	. Then
Tm;n(x; y) = cosm cos n’+ (; ’)sinm sin n’;
where
(; ’) =
cos  cos’
sin  sin’
:
Hence, we can write
Tm;n(x; y) = cos(m+ n’) + (1 + (; ’))sinm sin n’ (5)
and
Tm;n(x; y) = cos(m− n’) + ((; ’)− 1)sinm sin n’: (6)
Since x2 + y26 1, we have cos2 6 1 − y2 = 1 − cos2 ’ = sin2 ’ and similarly cos2 ’6 sin2  so
that
|(; ’)|=
∣∣∣∣cos’sin  cos sin’
∣∣∣∣6 1:
Hence, by relations (5) and (6), we have
min{cos(m+ n’); cos(m− n’)}6Tm;n(x; y)6max{cos(m+ n’); cos(m− n’)}:
In particular,
|Tm;n(x; y)|6 1; (x; y)∈D:
On the other hand, by Lemma 3, we have Tm;n(cos n	=2(m+ n); sin n	=2(m+ n))= cos 0= 1 so that
the conclusion follows.
Proof of Theorem 1. If m=n=0, then it is trivial. Hence we may assume m+n¿ 1. For qm;n ∈ 	2m+n−1,
we have by Lemmas 2 and 4,
‖xmyn − qm;n‖D¿ max
x2+y2=1
|xmyn − qm;n(x; y)‖D
= max
0662	
|cosm  sinn − qm;n(cos ; sin )|
= max
0662	
∣∣∣∣
(
ei + e−i
2
)m(ei − e−i
2i
)n
− qm;n(cos ; sin )
∣∣∣∣
=


max
0662	
|21−m−n(−1)k cos(m+ n)− qm+n−1()|; if n= 2k
max
0662	
|21−m−n(−1)k sin(m+ n)− qm+n−1()|; if n= 2k + 1
¿ 21−m−n = 21−m−n‖Tm;n‖D;
where qm+n−1() is a trigonometric polynomial of degree 6m+ n− 1. Hence, (2) is proved.
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Since there is no Haar system in Rd, d¿ 1, the extremal polynomials Tm;n(x; y) are in general
not unique. Indeed, if n is even, then the polynomial T2; n(x; y) in Theorem 1 can be replaced by
T ∗2; n(x; y) = 2
n+1
(
−1 + x
2
1− y2 [1− Tn+2(y)]
)
and so we have in=nitely many extremal polynomials by the convex combinations.
Corollary 5. For any monic polynomial p(y) = yn; : : : , we have
‖(1− y2)m=2p(y)‖[−1;1]¿
{
1 if m= n= 0
21−m−n if m+ n¿ 0:
In particular, if m is even, then
‖(1− y2)m=2p(y)‖[−1;1]¿ 21−m−n‖Tm+n‖[−1;1] (7)
and if m is odd, then
‖(1− y2)m=2p(y)‖[−1;1]¿ 21−m−n‖
√
1− y2Um+n−1‖[−1;1]: (8)
Proof. Choose qm;n(x; y)=xm(y), where (y) is a polynomial of degree 6 n−1. Then, by Theorem
1, for any monic polynomial p(x),
‖xmp(y)‖D¿ 21−m−n‖Tm;n(x; y)‖D = 21−m−n:
Since |xm|6 (1− y2)m=2, we have
‖(1− y2)m=2p(y)‖[−1;1]¿ ‖xmp(y)‖D¿ 21−m−n‖Tm;n‖D:
On the other hand, we have ‖Tm;n‖D = ‖Tm;n(
√
1− y2; y)‖[−1;1] so that
‖(1− y2)m=2p(y)‖[−1;1]¿ 21−m−n‖Tm;n(
√
1− y2; y)‖[−1;1]:
By Lemma 3, we can easily show that if m is even, then
Tm;n(
√
1− y2; y) = (−1)[m=2]Tm+n(y)
and if m is odd, then
Tm;n(
√
1− y2; y) = (−1)[m=2]
√
1− y2Um+n−1(y):
Hence, the conclusions follow.
Note that in general, there is no polynomial p(y) for which equality holds in (7) or (8). However,
when m= 1, it is easy to see that the equality holds in (7) for p(y) = Un(y) and when m= 2 and
n is even, the equality holds in (8) for p(y) = Tn+2(y)=(1− y2) (see [1,2] for details).
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